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Abstract In the present paper, we first establish a generalized g-Taylor’s formula
involving composite fractional g-derivative. Next, we define the generalized g-
differential transform and its inverse for composite fractional g-derivative and establish
some basic properties for this transform. We also illustrate the effectiveness of these
results by solving two fractional g-difference equations.
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1 Introduction

Differential equations of fractional order appear more and more frequently in vari-
ous research areas and engineering applications. An effective and easy to use method
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for solving such equations is needed. One such method developed by Odibat et al.
[8] is the generalized differential transform method for fractional differential equa-
tions involving Caputo fractional derivative, which is a generalization of differential
transform method introduced by [11].

The fractional g-difference calculus had its origin in the works of [2] and [1]. The
concept of the g-differential transform method was first proposed by [7] for solving
ordinary g-difference equations. This method is further extended to solve fractional
g-difference equations involving Caputo fractional g-derivative by Garg et al. [4]. In
this paper, we develop a new generalization of g-differential transform which is based
on generalized g-Taylor’s formula and Composite fractional g-derivative.

The paper is organized as follows. In Sect. 2, we provide definitions which will be
used in subsequent sections. In Sect. 3, we first define generalized composite fractional
g-derivative D,‘; :,’f . Then, we obtain some basic results for the composite fractional g-

derivative Df; P considered in the spaces defined in Sect. 2. In Sect. 4, we establish
generalized g-Taylor’s formula involving composite fractional g-derivative. In Sect. 5,
we define generalized g-differential transform and its inverse and establish some basic
properties for this transform. In Sect. 6, we solve two fractional g-difference equations
involving composite fractional g-derivative.

2 Preliminaries and definitions

For the completeness, we mention the following definitions [3].

Definition 2.1 For 0 < |¢| < 1, a subset A of C is called g-geometric if gz € A
whenever z € A . If a subset A of C is g-geometric, then it contains all geometric
sequences {zq"};,2 . z € A.

Definition 2.2 A function f which is defined on a g-geometric set A, 0 € A, is said
to be g-regular at zero if lim f(zg") = f(0) forall z € A.
n—oo

Definition 2.3 By L }] (0,a),a > 0, we mean the Banach space of all the functions
defined on (0, a] such that

7= / [ f(®)|dgt < oo. 2.1
0

Two functions in L}] (0, a), a > 0 are considered to be the same function if they have
the same values at the sequence {ag"},2.

Let L}I[O, a] denote the space of all functions f defined on (0, a] such that f €
L}(0,x) forall x € (qa, al.

Definition 2.4 By AC,[0, a] we mean the space of all functions f defined on [0, a]
such that f is g-regular at zero and
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i (f(tqj) -f (tqj“)‘ <00, t€(qa,al. (2.2)
j=0

The space AC;m)[O, al], m € N is the space of all the functions f defined on [0, a]
such that f, Dy f, ..., D;”’l f are g-regular at zero and DZ“‘ f e ACy10, al.
The Riemann-Liouville fractional g-integral is defined by Al-Salam in [2] as

18 f(x) =

F()/m/xq)a gt g (—1 2.}, x>0, (23)

Further in [10], the generalized Riemann—Liouville fractional g-integral operator
for @ € R™ is given as

I f (x) = /(qt/x De—1f(Odgt; a < x. 2.4

1“()

We shall require the following semi-group property
Iflgf(x) = 1;+ﬂf(x), x>0, a peRT, 2.5)

and the image of power function

'y
ot = LW et g a1 wert @6)
T+ )

The Riemann-Liouville type fractional g-derivative of order ¢, m — 1 < o <
m,m € N, is defined as [10]

) +
Dg‘yaf(x) D;”I;"a"‘f(x), a€R", a<ux, 2.7)

and Dg’of(x) = Dj f (x).

The Caputo type fractional g-derivative, form — 1 <« < m,m € N is defined as
[9].

_ gm— . +
D;‘,af(x)_lg'fa“D;"f(x), a €R™, a<ux, 2.8)

and *DZ"Of(x) = *Dg‘f(x).

Following [3], we say that Dg‘f(x) exists, if f € L;[O, a] and I;”_“f €
ACY™10,a] and D f (x) exists if f € ACJ™[0, al.

We shall also require the following composition formula [10]

a—1

X
Fq(a)

18D f(x) = f(x) — [1;*“]0(0)] S 0<a<l1, x>0 (2.9)
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24 L. Chanchlani et al.

Mean value theorem for g-integrals [5]
Let f be a continuous function defined on [0, a], and g be a nonnegative function
defined on [0, a] and g-regular at zero. Then 3c € (0, a) such that

/0 J(g(t)dgt = f(C)/O g()dgt. (2.10)

3 Generalized composite fractional g-derivative

We define the generalized composite fractional g-derivative of order o, 0 < o < 1
and type 8,0 < B < 1, as follows

DEE )y =100 D, 17PN f(x), a<x, 0<l|gl <l (3.1

For g = 0, itreduces to the Riemann—Liouville type fractional g-derivative of order
a defined by (2.7), and for 8 = 1, it reduces to the Caputo type fractional g-derivative
of order « defined by (2.8).

For 0 < B < 1, it interpolates continuously between the Riemann—Liouville type
fractional g-derivative of order « and the Caputo type fractional g-derivative of order
a.

This Df; jf is a g-extension of the generalized Riemann-Liouville fractional deriva-
tive D** defined by Hilfer [6].

In the subsequent work, we shall study the following composite fractional g-

derivative of order o, 0 < o < l and type 5,0 < B <1

DYPf(x) = 1P0"0D 1P f(x), x>0, 0<lg|<1. (3.2)

Following the existence conditions for DZ‘ f(x) and *D(‘;‘ f(x) as given in [3], we
say that Df'P f (x) exists if £ € L}[0,al, 1§ 7" f € AC, 0. al.

We now obtain some results for the composite fractional g-derivative Dg P

Theorem 3.1 For f € L}[0.al, Ij' """ f € AC,[0.a] 0 <& < 1,0 < B <

1, 0 <|gq|l <1, x > 0andx > 0, we have the image of power function under Dg’ﬁ

as follows

DB 1 = Fq—mx*—“—l. (3.3)
q T, —a)

Proof In view of definition (3.2) and the result (2.6), we get

peB A1 _ jBl-a) p Ty =) (1—a)—1
7 7 Tq 04+ (1 =B —a)
— JBU- Ty AA=p -2

1 FyO+0=-pH0-a)=1

Using result (2.6) again, we get (3.3). O
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Theorem 3.2 For f € L}[0.al, Ij """ f € AC,[0.a],0 <& < 1,0 < B <
1,0 < |g| <1, the composmon ofRzemann—Lzouwlle type fractional g-integral (2.4)
with the composite fractional g-derivative (3.2) is given by

1~ 1= (1=p)
(1-c)(1-$)
T, - (- - B 0. G4

IEDYP f(x) = fx) -
Proof From (3.2), we can write
D;"ﬁf(t) — Iqﬂ(l_"‘)Dqu(l_‘g)(l_“)f(t) — Iq/f3(1—a)D2t+ﬁ(1—a)f(t)_
Applying I{}" on both the sides and using the semi-group property (2.5), we get
I2DEP f(1) = 13+ pethl=e) p 1), (3.5)

In view of the result (2.9), we arrive at (3.4). m]

4 Generalized g-Taylor’s formula

Our main result of this section is generalized g-Taylor’s formula involving D‘;’ﬁ , given
as Theorem 4.1. To prove it, we first establish two lemmas as follows.
Lemma 1 (Generalized mean value theorem) If f € L (1][0, al, IL;] —A=o f €

ACy[0, al, D,‘;’ﬁf € (C[0,a],0<a<1,0<8<1,0<|gq| <landx € (0, a],
then dc € (0, x), such that

(1) |
a 18700-P) £0) 4 ————D2F f(e)x®. (@4.1)

foo = Fy(1—0—-a)—-p)) 1 Lyl +1)

Proof On applying Riemann-Liouville fractional g-integral [ [‘1’ given by (2.4), to
Dg‘ﬂf (x), we get

I;DgP ) = = ( ) / (@1/%; a1 DY P f(1)dgt. (4.2)

Using second mean value theorem for g-integral given by (2.10), for ¢ € (0, x),
we get

Dy = o )Dgf’f(c) / 1/ Drdyt. “3)

Using (2.4) and (2.6), with A = 1, it is simplified to

1
a o, B — a,p o
Iq Dq fx) = T+ 1)Dq flo)x®. “4.4)
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26 L. Chanchlani et al.

Using (3.4), we get (4.1). O

Lemma2 If D)™ f e LL[0.a] and 15" POl r e Acyl0.a) k =
0,1,....,n+1,ne N, thenfor0 <a <1,0< 8 <1, 0<|q| <1, we have

no yno, _ g(+Da n(n+Da, B
12 DiP f (x) — 1D pY f(x)

xno{—(l—a)(l—ﬁ)
= (1= U=P pneb ¢ () (4.5)
Fgma—(T—a)y1=p+1) 17 7 ’

where Dga’ﬁ = Dg’ﬁ . D,‘;’ﬂ e Dg’ﬁ(n times).
Proof The left side of (4.5), using (2.5), can be written as
e [Dga’ﬁf(x) - I;D;”“)""ﬂf(x)] = [D;’“’ﬂf(x) - I;‘D;"ﬂD;'“’ﬂf(x)] .

4.6)
Using (3.4), it becomes

—(l—a)(1—
x—(U=)(1=4) I(l_“)(l_ﬁ)D”O"ﬁf(O)
r,Ad-—0—-a)yd-p) 1 K

— 1 |:D;""'ﬂ f@) = DIP ) +

—(=a)(1-p)
— InOt I(lfﬂl)(l*ﬂ)DnO{,ﬁf(O) .
T T =d-a1-p) 1 1

Finally, using result (2.6), we get right side of (4.5). O

Theorem 4.1 If D,*F f e Ll[0.al, 1§ " PD%P f e ACyl0.al k =

0,1,....n+1L,ne N, DY Pr c Clo,aland0 <a <1,0<8<1,0 <
lgl < 1, then 3 c € (0, x) such that

- pho(mot=h (1-a)(1-B) ket

= [(1=00=F) pkef ¢

700 kZorq<ka—<1—a><1—ﬂ>+m @ SO
Dy f (o)

x 1t De 4.7)
T, ((n+ Da+ 1)

s

where DZa’ﬂ = D:}t’ﬂDZ“6 ... Dg’ﬂ(n times).
Proof From (4.5), we have

Xn: {(IécaDI(;a,ﬂf) (x) — (Iék-ﬁ—l)aD;k-ﬁ—l)a,ﬂf) (x)}

n koo—(1—a)(1—
_ xke—(1-a)(1=p) [A=0U=B) pkaB £y (4.8)
g Tg ke = (1 =) =p)+ 1) ! !

On simplification, it becomes O
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Generalization of Taylor’s formula and differential transform... 27

- plem (=P (I-a)(1-) pha.p
= [(1=00=F) pkef ¢
/e ,;ruka—(l—a)(l—ﬁwl)q O
+ (10D Dyl £) ). 4.9)

Using definition (2.4), we get

- ahem(mod=p (1—a)(1—B) pyke.p

X) = [0=(=P) pke ¢

Fx) ;Fq(ka—(l—a)(l—ﬂ)-l-])q A
x(n-i—l)cc—l

. (n+Da,B
+ F—q ((n T 1)0[) ! (qt/x, Q)(n-i-l)ot—qu f(t)dqt. (410)

Using Mean Value Theorem for g-integral given by(2.10), then applying (2.6) (with
A=1), we get

- ahem(mat=h) (1—)(1—-p) pyka. B
= [(1=00=B) pkah ¢ ()
70 grq(ka—(l—a)(l—ﬁ)ﬂ)q @ 7O
(n+Do, B
D
q FO e o e 0., 4.11)

T, (1 + Da+ D)

(n+1)a,ﬂf(c)

. q
If the remainder term T, Da+D)

ized g-Taylor’s formula involving composite fractional g-derivatives as

(n+1)a

X — 0 as n — oo, we can write general-

- i yha—(I-a)(1-8) I(lfa)(lfﬂ)Dka’ﬂ 0 4.12
T = L r e - -+ o

Remark If we take § = 0 and § = 1 in Lemmas 1, 2 and Theorem 4.1, we arrive
at the results essentially similar to the results proved in [5] as Theorem 3.3, Lemma
4.1 and Theorem 4.2, respectively, for Riemann—Liouville type fractional g-derivative
and Caputo type fractional g-derivative.

5 Generalized g-differential transform

On making use of generalized g-Taylor’s formula obtained in Sect. 4, for Dsa’ﬂ €

Li0,a), 1P D P f e AC,10,a10 <@ <1,0<B < 1.0 <|g| <1,
we define the generalized g-differential transform Fy o g (k) of function f(x) at point
x = 0 as follows:

1
— (I=a)(1=pB) pka,p
Frat®) = oG BT 14 O] R CAY
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28 L. Chanchlani et al.

where Déa’ﬁ = D;"ﬁDZ"’S e Dg’ﬁ(k times).
The inverse generalized g-differential transform of F, o g(k) in view of (4.12) is
given by

o
&)=Y Fyapllxke1me00=F), (5.2)
k=0
Some basic properties of the generalized g-differential transform are as given below:
Theorem 5.1 If F, o g(k), Uy o pk) and Vy o p(k) are generalized q-differential

transforms of functions f(x),u(x) and v(x) at point x = 0, respectively, then the
following results hold.

(a) If f(x) = u(x) £ v(x), then Fq,a,ﬁ(k) = Uq,a,ﬁ(k) + Vq,a,ﬁ(k)-
(b) If f(x) = cu(x), cis constant, then Fy o g(k) = cUy o, p(k).
(c) If f(x) = x"e=1=0U=P) 'y e N, then Fy o p(k) = 8(k — n), where

1, when k =0,
0, otherwise.

S(k) = {

(d) Iff(x):DZl”gu(x),O<a <1,0<B <1, then

Fglak+D-—(0-a)d-B)+1)

F,ap(k) = Ujyapgk+1).
a.0p () T,k—(1—a)d—-p+1) sE+1D
(e) If f(x) =u(cx), cis constant, then
Fyaplk) =k 0=00=Ag, k). (5.3)

Proof By linearity of generalized g-differential transform, we can easily obtain results
(a) and (b).
(c) Writing

)= 8k — nyxke-(me=p), (5.4)
k=0

We get in view of (5.2), Fy o g(k) = 8(k —n).
(d) Taking f(x) = DLFu(x) in (5.1), we get

1
— (I=a)(1=p) pka.p ( pa.p
e P TSI K. oy (Do) ]
1

_ [0-0(1-8) py(kt+DaB ’
e =T A D o],

_glatk+ D) -d-a)d-B)+ 1)
Tk —( -1 =p)+1)

Ugopk+1).
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(e) On replacing x by cx in inverse generalized g-differential transform (5.2) for
u(x), we get

o0 o0
w(ex) =Y Ugap()(ex) =00 =Xy, o g(k) (cx)t e 700=F) 1 (5.5)
k=0 k=0

which again in view of (5.2) gives the result(5.3). O

6 Applications

In this section, we shall apply the generalized g-differential transform, to solve two
fractional g-difference equations involving composite fractional g-derivative D,‘; P

Problem 1 For y € L} [0,a], I;' "%y € AC,[0,a.0 <@ <1,0<p <1,
0 < |g| < 1, let us consider the following g-initial value problem

DY Py(x) — ay(x) =0, 6.1)
where A is a real number, with initial condition

[P0y = 62)

x—>0t
The solution of the above problem is given by

—(1-)(1-8)

y(x) = yox a.a+pl-a) (Ax%; q) . (6.3)

Proof Taking generalized g-differential transform (5.1), of (6.1) and initial condi-
tion (6.2), making use of properties of generalized g-differential transform given in
Theorem 5.1, we get

g+ -0-a)d-H+D
Ly (k= (1 -a)(1—p4)+1)

Ygapk+1) =AY, 4p0k) =0 6.4)

and
Yo

Fg(=(I-a)(1=p)

Utilizing recurrence relation (6.4) and transformed initial condition(6.5), we obtain

Y4 0,p0) = (6.5)

1

T,a—(-a)y(1-p+1D"
1

T, Qa—(—ay(I—p)+1)°"
1

F,Ga— (-1 -pH+1"

Ygap(l) =2

Yyap(2) =22

Ygap(3) =2° (6.6)
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Using these values of Y, (k) in Eq. (5.2), we get

1
Cyla—(—a)(i—f)+ 1)
I 2 (l-a)(1-f) | ..,
Ty Qo —(1—a)(1—B)+ 1) |
1

_ —(1=a)(1-p) o
X) = yox 1+ x
y(x) =0 [ T, (@+a+p(-a)

~|—A2 1 x20l+...:|.
Iy Qu+a+ B —a))

y(x) = yox~UTDU=F 4 oy, (=) (1=p)

+)»2y0

In view of the g-Mittag-Leffler function [3] defined as
(.¢] xn
e p(x;q) = ——  (Ix(1=9¢)*| < 1), 6.7
wp (X5 4) ’;Fq(awﬂ) (et =)l < 1) ©.7)

we arrive at (6.3). O

Problem 2 For y € L} [0,a], I;' "™y € AC,[0,a.0 <@ <1,0<p <1,
0 < |g| < 1, let us consider the following g-initial value problem

Dy Py() —hy(x) = x"m (700, (6.8)

where A is a real number with initial condition

1Py () Lo = yo (6.9)

The solution of the above problem is given by

y@) = yox 10T Pey o pa-ay (Ax: q)
Fq (n(X - (1 - Ol)(l - ,3) + 1) x(VH‘l)Ot—(l—Ot)(l—,B).
Fg(n+Da—0=-a)(1 =)+ 1)

(6.10)

Proof Taking generalized g-differential transform (5.1) of (6.8) and initial condi-
tion(6.9), using properties of generalized g-differential transform given in Theo-
rem 5.1, we get

Fylak+1) -0 -a)d=8)+1)
Ty (ak — (1 —a)(1—B)+ 1)

Ygapk+1)— 1Y, 0 p(k) =8k —n) (6.11)

and
Yo

Ly (=1 —-a)1—p)

Yg,0,8(0) = (6.12)
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Utilizing recurrence relation (6.11) and transformed initial condition (6.12), we
obtain

1
Yot = = —p+ D"
1
_ 12
Yot = e U —p+ D"
Ygap(3) = 2> 1

T, Ge—(1—a)1—p)+D°"

1
1
T, (n+Da—(U—a)1—p+1°"
I, (e — (1 —a)(1— B) + 1)
T, (n+Da—(U—a)1—B)+1)

Yyapn+1) ="

+

Using these values of Y, (k) in Eq. (5.2)

1
_ —(I—a)(1-P) a
X) = yox 1+ A X
() = o [ T, (@+a+p—a)

+ 27 ! x> +}
Iy Qo +a+ Bl —a))
Tga=A=)A =P +D  wine—a-wa-p
T, (n+ Da—(1—a)yl-p)+1)

In view of the g-Mittag-Leffler function defined by (6.7), we arrive at(6.10). O

7 Conclusion

In this paper, we have defined composite fractional g-derivative which is a g-
extension of generalized Riemann Liouville fractional derivative defined by Hilfer
[6]. It also provides generalization of both Riemann-Liouville type fractional g-
derivative and Caputo type fractional g-derivative. We study some basic properties
of this g-derivative. Next, we have established generalized g-Taylor’s formula involv-
ing composite fractional g-derivatives. We have also defined generalized g-differential
transform and solved two fractional g-difference equations using this method.
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