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AS1207: NUMBER THEORY Time: 3 hours Max. Marks: 35

Instructions to students:

1. Do not write anything other than your roll number on the question paper.
2. Calculator is not allowed.

3. Attempt all questions and justify your answers.

4. Notation: t(n) is the number of positive divisors of n and a(n) is their sum, u(n) is the Mobius function, ¢(n) is the Euler’s

function.

Q.1 | True/False. 4x025
(a) If (a/p) = —1and (b/p) = —1, then the congruence x = ab (mod p) has no solution. 1(‘;(;)
(b) If an odd prime p has a primitive root, then p? also has a primitive root. =
(c) p(m)u(n + 1) = 0 for every positive integer n > 1.

(d) The Mersenne number M,, = 2P — 1 is always prime for every prime p.
Q.2 | Let p # 3 be an odd prime. The repunit R,, is defined as 1
10" —1 (CO-5)
R, = g = I11 1|
n digits
Prove that if p | R,,, then the order of 10 modulo p must divide n.
Q.3 | Ifn = p* is a prime power, prove that 2
, 1 (CO-4)
B - o) = n? (1--5)
where o(n) is the sum of divisors function.
Q.4 | A reduced set of residues modulo n is a set of ¢(n) integers that are coprime to n and " 2
pairwise incongruent modulo n. Let a;, @y, ..., @gny be reduced set of residues modulo n, (CO-1,4)
then show that
¢(n)
Z a; = 0(mod n).
i=1

(Hint: gcd(a,n) = ged (n — a,n))

Q.5 | Evaluate the following‘Legendre —s—ymbols: ‘‘‘‘‘ o 2]
@) (E) (CO-3)

41
(b) If pand q = 2p + 1 are odd primes with p = 1(mod 4), determine the value of (2)

Q.6 | (a) Findall positive integers 7 such that ¢(n) = 4. 2+1
(b) Prove that 7(n) = 27 for square-free n with r distinct prime factors. (CO-4)

Q.7 | Let p be an odd prime. Define M = (pT—l) !' (i.e., the factorial of pz;l). Using the Wilson’s ( C3O-
theorem, prove that 1,2,3)

pt1
M? = (-1) 2 (mod p).
Hence deduce, if p = 1(mod 4), then M is a solution of the congruence x? = —1(mod p).
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Q8 |

' (2) Use Euler’s theorem to show that for all integers n > 0, 15 | 74"+ — 4,

242

(b) Show that if p and q are distinct odd primes withp — 1 | ¢ — 1 and ged (a,pg) = 1, (CO-1)
' then a?~! = 1(mod pq).
Q.9 | Determine all positive integers n for which the decimal representation of n! ends in exactly 2
7 zeros. Justify your answer using the formula ) L 5%] for the exponent of 5 in n!, where, (CO-)
[x] is the greatest integer less than or equal to x.
Q.10 | Solve the quadratic congruence 3
2x? 4+ 3x + 1 = 0(mod 13) (CO-3)
and find the two incongruent solutions modulo 13.
Q.11 | Fermat's primality test declares an integer n composite if there exists an integer a coprime to 2
n such that a® 1 £ 1(mod n). A composite integer that escapes this test for a particular base (CO-1.2)
ais called a pseudoprime to base a.
(a) Show that 341 is a pseudoprime to base 2, i.e., Fermat's test with a = 2 fails to detect that
341 is composite.
(b) Show that Fermat's test with base a = 3 correctly identifies 341 as composite and conclude
that 341 is not a Carmichael number.
Q.12 ;(a) Given that 2isa primitive root of 19. Find all positive intege?s less than 19 having order | 243
3 modulo 19. (CO-4,5)
(b) Let p be an odd prime and r a primitive root modulo p. Prove that an integer a coprime to
| p is a quadratic residue modulo p if and only if a = r*(mod p) for some even integer k.
f Given that 3 is a primitive root modulo 7, use this result to list the quadratic residues of 7.
i
Q.13 } Consider the eight-digit bank identification number a,a; ... ag, which is followed by a ninth 2
| check digit ag chosen to satisfy the congruence (CO-1,4)
ag = 7a, + 3a, + 9a; + 7a, + 3as + 9ag + 7a; + 3ag(mod 10)
(a) Obtain the check digits that should be appended to the two numbers 55382006.
(b) The bank identification number 237a,18538 has an illegible fourth digit. Determine the
value of the obscured digit. ’
Q14. | Theorem. Let p be an odd prime. Then the product of all pi:f;ﬁitive roots modulo p is (CO34 5

congruent to 1 modulo p for p > 3, while for p = 3 it is not congruent to 1.
Complete the following proof of the above theorem by filling in the blanks.

Proof.

Casel:p =3,

The only primitive root modulo 3 is (blank 1).

Consequently, the product of all primitive roots modulo 3 equals modulo 3 (piank 2),

which is not congruent to 1.

Case2:p >3

Let g be a primitive root modulo p. Then ord ,(g) = (blank 3).

Every primitive root modulo p can be written uniquely in the form g* with 0 <k <p—1
g and gcd (k, ) =1 (plank 4).

i Therefore, the total number of primitive roots modulo p is ¢(___) @iank ).

i
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ﬁow takeany prlmltlve rootr = gk Its mocﬁvlml;;winverse r“lmi's g”‘lm‘mﬁ, it will also be a
primitive root because gcd(p — 1 — k, p — 1) = 1.Thus, we can attempt to pair each primitive
root with its inverse.

Ifr =771, thenr? = 1(modp) = r = 1 or —1.

The order of 1 is 1 and ord ,(—1) = (blank 6).
Since p > 3, we have p—1 > (blank 7); consequently, neither 1 nor —1 can have
order p — 1, which is the order required for a primitive root. Hence (biank §) primitive

root equals its own inverse.

Consequently, the set of all primitive roots form disjoint pairs {r,7~! }, each pair satisfying
r-rl= (mod p) (lanks).

For p > 3, the number ¢p(p — 1) is always (even / odd) gstank 10).
Therefore the total product of all primitive roots is

¢(@-1)
gk=1"7 = (mod p)iank 1) .

1sk<sp-2
ged (k,p—-1)=1

Conclusion: For every odd prime p > 3, the product of all primitive roots modulo p is
congruent to 1(mod p). For p = 3, the product is congruent to (mod 3) (siank 12).

END
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