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Abstract

In this paper, we study the dynamic behavior of the cylindrical shells subjected to

tic and time-varying (periodic) radial loading. Flügge-Luré-Byrne shell theory has

en used to derive dynamic equations in the form of nonlinear partial differential equa-

ns (PDEs). Linearization of PDEs about the steady-state periodic solutions, followed

Galerkin projection, yields a system of ordinary differential equations (ODEs) with

e-varying periodic coefficients. Those are similar to the higher-order Mathieu-Hill

uations and their stability analyses have been ascertained using Floquet theory. Dy-

mic instabilities of the cylindrical shells have been presented through stability charts

the plane of forcing parameters, namely, the static component of the pressure, the
sponding Author: anish.2012@iitkalumni.org (A. Kumar)

1



Journal Pre-proof

am

su

Fo

(a

ha

th

Keywor -

Hill Equ

x,

ely

Nx, Nθ,

M

P (=
 Jo
ur

na
l P

re
-p

ro
of

plitude, and frequency of the fluctuating component of the pressure. Also, possible

b and super harmonic resonances have been explored through the stability charts.

ur different boundary conditions, viz., simply supported, clamped-free, pinned-free

xial constraint at the pinned end) and pinned-free (axial constraint at the free end)

ve been considered in the present analysis. Presented charts can be very useful during

e design of the shell structures subjected to static/dynamic loading.

ds: Cylindrical Shells, Buckling, Parametric Instabilities, Floquet Theory, Mathieu

ations

Nomenclature

θ, ρ(= R + z), t : axial, tangential, radial and time coordinates

z : distance of a point from mid surface along the radial direction

R, h, L : radius of the mid surface, thickness and length of cylinder

u1, u2, u3 : displacement components of a generic point along the axial,

circumferential and radial directions, respectively

u, v, w : displacement components of a point on the middle surface

along the axial, circumferential and radial directions, respectiv

E, ν, ρm : Young’s modulus, Poisson’s ratio and density of the material

σxx, σθθ, σzz : normal stress components

σxθ, σxz, σzθ : shear stress components

Nxθ, Nθx, Qx, Qθ : stress resultants (force per unit length)

x, Mθ, Mxθ, Mθx : moment resultants (moment per unit length)

n : circumferential wavenumber

m : axial half wavenumber

F0 + F1 cos(ωt)) : applied radial pressure

ω : excitation frequency

k : a positive integer i.e. k = 1, 2, 3....
2
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troduction

ackground

lled structures have been widely applied in the present developing world. Aerospac

structions, marine and oil industry, etc. are mainly important areas where thin

tructures are used on a big scale. As we know that many diverse composite materia

in plate and shell structures, but there are still many unsolved problems relate

geneous structures. These problems should be firstly solved before application

te materials and study their effect on mechanical response. One of these problems

phenomena of the thin-walled circular cylindrical shells subjected to static and/o

radial uniform pressures. The dynamic buckling or stability analysis of the th

under static and/or time-varying radial loading is very important from a safety poin

especially for reactors, marine, and aerospace structures where external loading is no

t with time. Dynamic buckling of thin cylindrical shells occurs due to variable axia

as radial loading that can be caused by axial impact, carrying a top mass with ba

n, fluctuations in the pressure surrounding the shell structures.

iterature survey

v [1] has obtained the dynamic instability zones for the circular cylindrical shel

d to a time-varying axial load. He applied Bubnov-Galerkin projection [2] to th

s of motion for the cylinder and obtained ordinary differential equations (ODE

e-varying coefficients. Wei et al.[3] have studied experimentally and theoretically th

buckling of a circular cylindrical shell under axial impact. The authors have als

ated the buckling behavior of a circular cylindrical shell, containing initial imperfe

nder relatively low impact speed. Mallon et al. [4] presented the dynamic bucklin

of a thin cylindrical vertical shell carrying mass at the top with harmonic base ex

. They have employed Donnell’s nonlinear shell theory to derive a semi-analytic

which exactly satisfies the boundary conditions. The obtained results are compare

A results. Huyan and Smitses [5] have calculated the dynamic critical load of th

t cylindrical shell subjected to sudden axial compression. The finite element metho
n employed to find the dynamic response of the cylinder. They have found that the

3
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critical load is significantly influenced by load duration and imperfection. Dynam

load decreases with increasing load duration and imperfection magnitude. Pellican

erformed a theoretical and experimental study on a circular cylindrical shell carryin

ass under base excitation. Experiments showed the emergence of strong non-linearit

e first axisymmetric mode is excited and it leads to the large amplitude of vibratio

de range of frequencies. The theoretical model also shows very good agreement wit

ents. Chitra and Priyadarsini [7] have investigated the dynamic buckling behavior

posite cylindrical shell under axial impulse. Dynamic loads are found larger than th

itical load when the time of application is less than the natural period of the cylinde

hestudy of dynamic buckling for the cylindrical shells under axial impact, Xu et a

observed axisymmetric and non-axisymmetric buckling.

w studies are available on the stability analysis of cylindrical shells under varyin

ads [9–11]. Varying radial loads include wind pressure, varying radial load with tim

ing hydrostatic pressure in case of the submerged cylinder in liquid. Wah [10] ha

ed the dynamic buckling analysis of a thin ring (infinitely long cylindrical shell wa

ed as a collection of rings) subjected to impulse load and investigated the behavio

ing in five distinct regimes of parameters. Sokolov [12] has investigated the respon

rical shells under varying lateral pressure using Flügge shell theory. However, he d

uss the stability of cylindrical shells under varying lateral pressure. Kapania and Yan

formed a stability analysis of cylindrical shells under wind pressure using the fini

method. Subsequently, the effect of wind and snowfall together were incorporated b

[14]. Mustafa and his coworkers [15] studied, via finite element analysis (FEA), th

buckling of a cylindrical shell submerged in a liquid and in air with impulse pressur

[16] has studied, using Donnell’s theory, the dynamic buckling of a cylindrical she

iable thickness and under uniform pressure which is a power function of time. Jiashe

in [17] and Virella et al. [18] have studied the instability of liquid storage cylindric

bjected to horizontal seismic force excitation. Kumar et al. [19] have studied th

ric instabilities of infinitely long cylindrical shells under radially fluctuating pressur

ve presented stability charts in the planes of different forcing parameters (e.g., forcin

y, the amplitude of fluctuating part, and the static part of pressure) for infinitely lon

cylindrical shells.
4
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ovelty of the paper

serve, there are very limited literature available on the dynamic buckling of cylindric

der radial loading. Present work is an attempt to analyse the parametric instabiliti

in-walled circular cylindrical shells under static and periodic radial loading.

work is based on formulation developed by Kumar et al. [19] (first author and h

ators), where they have identified two new terms (linear and nonlinear) appeare

in equation of motion along circumferential direction. These two terms have bee

in many existing shell theories. They have shown the order of each term to justify r

and neglecting any term (linear and/or nonlinear) in shell dynamic equations. Furth

eloped model has been reduced to study the parametric instability of the infinite

indrical shell under dynamic radial loading. The present study use full model to inve

e stability analysis of the cylindrical shells with finite length and general BCs. Ya

erformed the dynamic of the simply supported cylindrical shells under periodic axi

ial loading. In this analysis, he has made several assumptions in his formulation e.g

ress is independent of the spacial coordinate such assumption is valid only for lon

cal shells (L/R ≥ 4) and lower wavenumbers (axial and circumferential). He has als

zero deflections under pre-stress condition and neglected in-plane inertia terms. A

’s model, radial pressure does not affect beam mode, but first author has shown

ious work (Kumar et al. [20]) that radial pressure has significant effect on the bea

o. Stability charts presented in the plane of two parameters which are functions

ic and forcing parameters. Thus it is very difficult extract information directly fro

ility chart in context of stability of the cylinder, e.g., exact static critical pressur

ce conditions (primary, principle parametric and super-harmonic), variations pf cri

ial pressure and natural frequencies with axial and circumferential wavenumbers et

y Lindberg and Florence [11] have discussed the dynamic buckling of ring and lon

cal shells under radially fluctuating pressure, where they have assumed long cylinde

tion of rings.

ugh the present work, we attempt to fill these gaps and present a comprehensive stud

c and dynamic instabilities of the cylindrical shells for general boundary condition

work, full dynamic equations along axial, circumferential and radial directions a
ed with incorporating assumptions consistently. A detail procedure has been outlined

5
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late higher order Matheu-hill equations for the cylindrical shells subjected to period

ading. Present model is valid for all range of L/R ratios, wavenumbers and boundar

ns. For static case, we perform theoretical analysis and verify with FEA resul

BAQUS but for dynamic case only numerical studies are presented. Results for th

instabilities of the cylindrical shells are presented through stability charts in th

forcing parameters, namely, the static component of the pressure, the amplitud

uency of the fluctuating component of the pressure. Thus the present work gives

e picture of the instabilities of the cylindrical shells under static and periodic radi

for any combination of the forcing parameters.

paper is organized as follows. In Section 2, we present basic formulations for differen

loading and boundary conditions (BCs). In Section 3, we first present results fo

ic buckling, and, subsequently, the stability charts for thin-walled circular cylindric

nder dynamic loading are presented for four different boundary conditions. Finall

lude in Section 4.

asic Formulation

ider a thin-walled circular cylindrical shell with radius R and thickness h as shown

Here u1, u2, and u3 are displacement components of a generic point with coordina

(= R + z)) along axial, tangential and radial directions, respectively. In the presen

, we start with the model developed by Kumar et al [19] which is based on Flügg

rne shell theory [21]. The displacement field (i.e. relation between the displacemen

ents of a generic point (u1, u2, u3) and the displacement components of a point o

-surface (u, ; v, w)) for Flügge-Luré-Byrne theory are

u1(x, θ, z, t) =u(x, θ, t)− z ∂
∂x
w(x, θ, t) (1a

u2(x, θ, z, t) =v(x, θ, t)− z

R

(
∂

∂θ
w(x, θ, t)− v(x, θ, t)

)
, (1b

u3(x, θ, z, t) =w(x, θ, t) (1

, v, w are displacement components of a point on the mid-surface along axial, tangen

radial directions, respectively.
dynamic equations of motion (developed by Kumar et al. [19]) in terms of stress and

6
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: Schematic of a cylindrical shell showing the displacements of a generic point in th

h cylindrical coordinates (x, θ, ρ(= R + z)).

resultants along axial, tangential and radial directions, respectively, are

∂Nx

∂x
+
∂Nxθ

R∂θ
− ch u̇(x, θ, t)− ρmh ü(x, θ, t) = 0 , (2a

∂Nθ

R∂θ
+
Qθ

R
+
Nxθ

R

∂w(x, θ, t)

∂x
+
Nθ

R2

∂w(x, θ, t)

∂θ
− ch v̇(x, θ, t)− ρmh v̈(x, θ, t) = 0 , (2b

∂Qθ

R∂θ
+Nx

∂2w(x, θ, t)

∂x2
+Nxθ

∂2w(x, θ, t)

∂xR∂θ
+Nθx

∂2w(x, θ, t)

∂xR∂θ
+Nθ

∂2w(x, θ, t)

R2∂θ2
− Nθ

R
+

∂Nθx

R∂θ

)
∂w(x, θ, t)

∂x
+

(
∂Nxθ

∂x
+
∂Nθ

R∂θ

)
∂w(x, θ, t)

R∂θ
+P−ch ẇ(x, θ, t)−ρmh ẅ(x, θ, t) =

(2

m and c is the density of the cylinder material and coefficient of the linear viscou

. Over-dot in Eqs. (2a) through (2c) represents derivative with respect to time. Th

rying radial load P takes the form P = F0 + F1 cosωt, where ω is forcing frequenc

sec), F0 and F1 are the static and amplitude components of the time varying loa

ns of the resultant stress resultants Nx, Nθ, Nxθ, Nθx, Qx, Qθ and moment resultan

, Mxθ and Mθx are given in [19] (as shown in Fig. 2). The resultant stresses per un

f the undeformed middle surface are defined as

x =

h/2∫

−h/2

σxx

(
1 +

z

R

)
dz , Nθ =

h/2∫

−h/2

σθθ dz , Nxθ =

h/2∫

−h/2

σxθ

(
1 +

z

R

)
dz , (3a

Qx =

h/2∫

−h/2

σxz

(
1 +

z

R

)
dz , Qθ =

h/2∫

−h/2

σθz dz , (3b
7



Journal Pre-proof

and the

Mx )

where σ r

compon re

related

)

Note th ).

These te

)

in Eqs. e

rotary in is

pertains s

in the c g
Jo
ur

na
l P

re
-p

ro
of

θ

X

Nx

Nθ

Nxθ

Nθx

Qx

R

Qθh

θ

X
R

h

Mx

Mxθ

Mθ
Mθx

Figure 2: Resultant stresses and moments per unit length of middle surface.

resultant moments per unit length are

=

h/2∫

−h/2

σxx

(
1 +

z

R

)
zdz , Mθ =

h/2∫

−h/2

σθθ zdz , Mxθ =

h/2∫

−h/2

σxθ

(
1 +

z

R

)
zdz . (4

xx, σθθ are normal stress components and σxθ, σθx, σxz, σθz, σzx, σzθ are shea

ents of the sress (see [19]). The resultant transverse shear stresses Qx and Qθ a

to the resultant moments through the relations

Qx =
∂Mx

∂x
+
∂Mθx

R∂θ
, and Qθ =

∂Mxθ

∂x
+
∂Mθ

R∂θ
. (5

at we neglect the rotary inertia terms

(
ρmh

3

12

∂3w

∂x∂t2
, and

ρmh
3

12

∂3w

∂θ∂t2

)
in Eq. (5

rms lead to a few additional rotary inertia terms

(
ρmh

3

12

∂3w

∂x2∂t2
, and

ρmh
3

12

∂3w

∂θ2∂t2

(2b) and (2c). An order of magnitude analysis reveals that these terms involving th

ertia are O(h3), whereas the translational inertia is O(h). Since, the present analys

to lower axial and circumferential wavenumbers, we neglect the rotary inertia term

urrent work (see [20]). The expressions for the stress and moment resultants (usin
8



Journal Pre-proof
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uré-Byrne shell theory) are (for detail see [19, 20]) given in Eqs. (6a)-(6j).

Eh

1− ν2
[
∂u

∂x
+ ν

(
∂v

R∂θ
+
w

R

)]
+

Eh3

12R(1− ν2)

[
−∂

2w

∂x2
+ ν

(
− ∂2w

R2∂θ2
− w

R2

)]
, (6a

Eh

1− ν2
[
∂v

R∂θ
+
w

R
+ ν

∂u

∂x

]
, (6b

Eh

2(1 + ν)

[
∂v

∂x
+

∂u

R∂θ

]
+

Eh3

24R(1 + ν)

[
−2

∂2w

R∂x∂θ
+

∂v

R∂x
− ∂u

R2∂θ

]
, (6

Eh

2(1 + ν)

[
∂v

∂x
+

∂u

R∂θ

]
, (6d

Eh2

12(1− nu2)

[
−∂

2w

∂x2
− ν ∂2w

R2∂θ2
+

1

R

∂u

∂x
+ ν

∂v

R2∂θ

]
(6

Eh3

12(1− ν2)

[
− ∂2w

R2∂θ2
− w

R2
− ν ∂

2w

∂x2

]
, (6

Eh3

12(1 + ν)

[
1

R

∂v

∂x
− ∂2w

R∂θ∂x

]
, (6g

Eh3

24(1 + ν)

[
−2

∂2w

R∂θ∂x
+

1

R

∂v

∂x
− ∂u

R∂θ

]
, (6h

Eh3

12(1− ν2)

[
∂2u

R∂x2
+ ν

(
1

R2

∂2v

∂x∂θ
+

∂w

R∂x

)
− ∂3w

∂x3
+ ν

(
− 1

R2

∂3w

∂x∂θ3
− ∂w

R2∂x

)]
,

+
Eh3

24R(1 + ν)

[
2

R

∂3w

∂x∂θ2
+

∂2v

R∂x∂θ
− ∂2u

R2∂θ2

]
, (6

Eh3

12R(1− ν2)

[
− ∂3w

R2∂θ3
− ∂w

R2∂θ
− ν ∂3w

∂x2∂θ

]
+

Eh3

24(1 + ν)

[
2
∂2v

R∂x2
− 2

∂3w

R∂x2∂θ

]
, (6

ting Eqs. (6a)-(6j) into Eqs. (2a)-(2c) yields three dynamic equations of the cylindric

terms of mid-surface displacement components along the three directions.

cylinder has defined BCs at its ends and given by Eqs. (7)-(10) [20].

A (simply supported ends),

at x = 0 ,





w(x) = 0 ,

v(x) = 0 ,

Nx = 0 ,

Mx = 0 .

and at x = L ,





w(x) = 0 ,

v(x) = 0 ,

Nx = 0 ,

Mx = 0 .

(7

B (pinned-free ends with axial constraint at pinned end),
9
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at x = 0 ,





w(x) = 0 ,

v(x) = 0 ,

u(x) = 0 ,

Mx = 0 .

and at x = L ,





Nx = 0 ,

Mx = 0 ,

Qx = 0 ,

Nxθ = 0 .

(8

C (fixed-free ends),

at x = 0 ,





w(x) = 0 ,

u(x) = 0 ,

v(x) = 0 ,

∂w(x)
∂x

= 0 .

and at x = L ,





Mx = 0 ,

Nx = 0 ,

Qx = 0 ,

Nxθ = 0 .

(9

pinned and axial constraint at free end),

at x = 0 ,





w(x) = 0 ,

v(x) = 0 ,

Nx = 0 ,

Mx = 0 .

and at x = L ,





Mx = 0 ,

u(x) = 0 ,

Qx = 0 ,

Nxθ = 0 .

(10

ollow the procedures as discussed by Kumar et al. [19] for an infinitely long cylinde

r, for simplicity, we neglect the damping term for the finite shells. The steady sta

ments us(x, t), vs(x, t) and ws(x, t) along the axial, tangential, and radial direction

vely, for the cylindrical shells with finite length subjected to the time-varying loa

+ F1 cos(ωt) have been assumed as

) = u0(x) + u1(x) cos(ωt) , vs(x, t) = 0 and ws(x, t) = w0(x) + w1(x) cos(ωt) .

(11

steady state solution along the circumferential direction is zero due to axisymmetr

Substituting the expressions given in Eq. (11) into the equations of motion (2a)-(2

ating the coefficients of cos(ωt) on the left hand side to zero, we obtain a system

r u0(x), u1(x), w0(x) and w1(x) (assuming Nx is zero for steady state solutions, sinc
10
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is fully axi-symmetric and ends of the cylinder are free to move along axial direction

h3

− ν2)

(
h2

12R2
− 1

)
d4

dx4
w0(x) +

Eh3ν

6R2(1− ν2)

(
h2

24R2
− 1

)
d2

dx2
w0(x)

+
Eh

R2(1− ν2)

(
ν2 +

ν2h2

12R2
− 1

)
w0(x) + F0 = 0 , (12

h

− ν2)
d2

dx2
u0(x) =

Eh3

12R(1− ν2)
d3

dx3
w0(x) +

Ehν

R(1− ν2)

(
h2

12R2
− 1

)
d

dx
w0(x) , (13

Eh3

12(1− ν2)

(
h2

12R2
− 1

)
d4

dx4
w1(x) +

Eh3ν

6R2(1− ν2)

(
h2

24R2
− 1

)
d2

dx2
w1(x)

+
Eh

R2(1− ν2)

(
ρhω2R2(1− ν2)

Eh
+ν2 +

ν2h2

12R2
− 1

)
w1(x) + F1 = 0 , (14

)

d2

dx2
u1(x) + ρhω2u1(x) =

Eh3

12R(1− ν2)
d3

dx3
w1(x) +

Ehν

R(1− ν2)

(
h2

12R2
− 1

)
d

dx
w1(x)

(15

sider thin-walled cylindrical shells, i.e., h/R << 1, hence we can neglect (h/R

pect to unity. Also the terms involve in Eqs. (14) and (15)
ρhω2R2(1− ν2)

Eh
an

− ν2)
are order of O

(
h2

R2

)
, hence they are also neglected with respect to unity.

rite Eqs. (12)-(15) using above approximations,

Eh3

12(1− ν2)
d4

dx4
w0(x) +

Eh3ν

6R2(1− ν2)
d2

dx2
w0(x) +

Eh

R2
w0(x)− F0 = 0 , (16

Eh

(1− ν2)
d2

dx2
u0(x) =

Eh3

12R(1− ν2)
d3

dx3
w0(x)− Ehν

R(1− ν2)
d

dx
w0(x) , (17

Eh3

12(1− ν2)
d4

dx4
w1(x) +

Eh3ν

6R2(1− ν2)
d2

dx2
w1(x) +

Eh

R2
w1(x)− F1 = 0 , (18

Eh

(1− ν2)
d2

dx2
u1(x) =

Eh3

12R(1− ν2)
d3

dx3
w1(x)− Ehν

R(1− ν2)
d

dx
w1(x) , (19

qs. (16)-(19), we observe that the form of steady state solutions for w0(x) and w1(x

x) and u1(x) are the same and look like as in the case of the cylindrical shells und

dial pressure F0 and F1, respectively. We rewrite Eqs.(16),

d4

dx4
w0(x) + a1

d2

dx2
w0(x) + b1w0(x) + d1 = 0 , (20

1 =
ν

2R2
, b1 =

12(1− ν2)
R2h2

and d1 = −12(1− ν2)F0

Eh3
. Equation (20) is a 4th ord

differential equation and closed-form solution is given as
w0(x) = −d1
b1

+ c1 exp(−λ1x) + c2 exp(λ1x) + c3 exp(−λ2x) + c4 exp(λ2x) , (21)

11
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1 =

√
−2
√
a21 − 4b1 − 2a1

2
and λ2 =

√
2
√
a21 − 4b1 − 2a1

2
. Using solutions for w0(x

x), we solve Eqs. (17) for u0(x)

u0(x) =

∫ [∫ (
h2

12R2

d3

dx3
w0(x)− ν

R

d

dx
w0(x)

)
dx

]
dx+ c5x+ c6 , (22

ion constants (c1, c2, c3, c4, c5, c6) are obtained using BCs given in Eqs. (7) throug

milarly, we get the closed-form solutions for w1(x) and u1(x).

erify the analytical expressions of the steady state solutions with FEA results usin

S. In all the FE analyses presented here we consider eight noded quadratic shell e

with reduced order integration (S8R) and enhanced hourglass effect. The number

s was chosen in each case after testing for convergence. The Lanczos method (avai

h ABAQUS) has been used to solve the linear algebraic equations with a numeric

e of 10−6. We have also used subspace method (also available with ABAQUS) an

that the results obtained from both the Lanczos and subspace methods are clos

0, steady state solutions become us(x, t) = u0(x) and ws(x, t) = w0(x). Steady sta

s along axial u0(x) (see right column) and radial w0(x) (see left column) direction

n in Fig. 3. We find a very good agreement between the analytical expressions of th

tate solutions and the steady state solutions obtained from FEA using ABAQUS, a

n Fig. 3 for BC-A through BC-D. It has already been observed from Eqs. (16)-(19

of the solutions for w0(x) and w1(x), and u0(x) and u1(x) are same. So we can easi

steady state solutions for a cylindrical shell subjected to periodic radial pressure an

ve a very good agreement with FEA results using ABAQUS.
12
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: Verification of the steady state solutions obtained analytically (solving Eqs. (16

11 2
th FEA results using ABAQUS. Parameters are E = 2×10 N/m , ρm = 7680 Kg/m ,

L = 2 m, R = 2 m, h = 0.01 m, F1 = 0, and F0 = 2× 104 N/m2 (radially inward).
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arization of Eqs. (2a)-(2c) about the steady state solution yields linear PDEs for th

ve BCs. Finally, Galerkin projection has been applied to the linearized PDEs wit

ate shape functions given by Kumar et al. [20]

ũ = Umn(t) cos(βm
L
x) cos(nθ) ,

ṽ = Vmn(t) sin(βm
L
x) sin(nθ) ,

w̃ = Wmn(t) sin(βm
L
x) cos(nθ) ,

(23

is the axial half wavenumber, n is the circumferential wavenumber and Umn(t), Vmn(

n(t) are time varying generalized coordinates along the axial, circumferential and radi

s, respectively. The quantity βm is different for different boundary conditions an

om the characteristic equations of Euler-Bernoulli beam for the respective boundar

ns. They are given, read

βm = mπ , for BC-A

βm = (2m− 1)π/2 , for BC-D and

β1 = 1.875 , β2 = 4.694 , β2 = 7.857 · · · for BC-B and BC-C .

(24

r Galerkin projection, we obtain a system of ODEs



Ümn(t)

V̈mn(t)

Ẅmn(t)


 = [A(t)]




Umn(t)

Vmn(t)

Wmn(t)


 , (25

(t)] is a 3× 3 matrix. Expressions of all elements of the matrix [A] in Eq. (25) are

A(1, 1) =
Eβmn

2LRρ(1− ν)
, A(1, 2) =

Eβ2
m

L2ρ(ν2 − 1)
− En2

2R2ρ(1 + ν)
,

A(1, 3) =
Eh2βmν(n2 − 1)

12LR2ρ(1− ν2) −
Eβm (β2

mh
2 + 12L2ν)

12L3ρ(1− ν2) ,

Eβ2
mn (h2(1− ν)− 12R2(1 + ν))

24LR3ρ(ν2 − 1)
− Eβmn

LR2ρ(1 + ν) (sin(2βm)− 2βm)

∫ L

0

sin

(
2βm
L

x

)

Eβ2
m(1− ν)(4R2 + h2)− 8EL2n2

4L2R2ρ(ν2 − 1)
− Eβ2

m

L2R(1 + ν) (sin(2βm)− 2βm)

∫ L

0

sin(

(
2βm
L

x

)

En (R2β2
mh

2(2− ν) + L2h2(n2 − 1) + 12L2R2)

12L2R4ρ(ν2 − 1)
−

[ ∫ L ( ) ∫ L ( )

4Eβmnν

2ρ(ν2 − 1) (sin(2βm)− 2βm)
ν

0

sin2 βm
L
x

∂

∂x
us(x, t)dx+

0

sin
2βm
L

x ws(x, t)dx ,

14
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A(3, 1) =
Eβm (L2h2n2(1− ν)− 2R2(β2

mh
2 + 12L2ν))

24L3R3ρ(ν2 − 1)

− E (R3β3
m + L2Rβmn

2(1− ν))

L3R3ρ(ν2 − 1) (sin(2βm)− 2βm)

∫ L

0

sin

(
2βm
L

x

)
∂

∂x
ws(x, t)dx

− 4Eβ3
m

L2ρ(ν2 − 1) (sin(2βm)− 2βm)

∫ L

0

sin2

(
βm
L
x

)
∂2

∂x2
ws(x, t)dx ,

En (12L2 + β2
mh

2(3− ν))

12L2R2ρ(ν2 − 1)
+

Eβ2
mn

L2Rρ(1 + ν) (sin(2βm)− 2βm)

∫ L

0

sin

(
2βm
L

x

)
∂

∂x
ws(

+
4Eβmnν

LRρ(ν2 − 1) (sin(2βm)− 2βm)

∫ L

0

sin2

(
βm
L
x

)
∂2

∂x2
ws(x, t)dx ,

) =
E (L4h2n2(n2 − 1) +R2β2

mh
2(R2β2

m + 2L2n2) + 12L4R2)

12L4R4ρ(ν2 − 1)

+
Eβm (β2

mh
2ν2 − 12(L2n2 +R2β2

mν))

3L3R3ρ(ν2 − 1) (sin(2βm)− 2βm)

∫ L

0

sin2

(
βm
L
x

)
ws(x, t)dx

+
E (R2β2

m(β2
mh

2 + 24L2ν) + L2β2
mh

2ν(n2 − 2))

6L4R3ρ(ν2 − 1) (sin(2βm)− 2βm)

∫ L

0

sin

(
2βm
L

x

)
∂

∂x
ws(x, t)dx

+
Eβm (L2h2ν(n2 − 1) + 2R2(β2

mh
2 + 6L2ν))

3L3R3ρ(ν2 − 1) (sin(2βm)− 2βm)

∫ L

0

sin2

(
βm
L
x

)
∂2

∂x2
ws(x, t)dx

− Eh2β2
m

6L2Rρ(ν2 − 1) (sin(2βm)− 2βm)

∫ L

0

sin

(
2βm
L

x

)
∂3

∂x3
ws(x, t)dx

− 4Eβm (L2n2ν −R2β2
m)

L3R2ρ(ν2 − 1) (sin(2βm)− 2βm)

∫ L

0

sin2

(
βm
L
x

)
∂

∂x
us(x, t)dx

+
2Eβ2

m

L2ρ(ν2 − 1) (sin(2βm)− 2βm)

∫ L

0

sin

(
2βm
L

x

)
∂2

∂x2
us(x, t)dx .

s(x, t) = u0(x)+u1(x) cos(ωt) and ws(x, t) = w0(x)+w1(x) cos(ωt) are steady solution

pendix A). βm is defined in Eq. (24) for the respective boundary conditions.

esults and Discussion

tability under Static Radial Loading

resenting the stability charts in the plane of forcing parameters, we calculate th

itical radial pressure Pcr for different circumferential and axial half wavenumbers fo

der subjected to uniform static radial pressure (i.e., for the case of F1 = 0). Analytic
ave been verified with FEA results using ABAQUS. Towards this, first we perform the
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ence studies for L/R = 5 (as shown in Fig. 4) and L/R = 1 (as shown in Fig. 5). A

ase the number of elements, the FEA results show converging trends with analytic

as shown in Figs. 4 and 5).
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ABAQUS Results

Present Results

: Convergence of results of FEA using ABAQUS with analytical results as numb

nts increase for BC-A, using parameters h = 0.01 m, R = 2 m, L = 10 m, E

N/m2, and ν = 0.3.
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ABAQUS Results

Present Results

: Convergence of results of FEA using ABAQUS with analytical results as number

s increase, using parameters h = 0.01 m, R = 2 m, L = 2 m, E = 2× 1011 N/m2, an

re 6 shows the variation of static buckling radial pressure of the cylindrical shells (fo

5) with circumferential (n) and axial half (m) wavenumbers. The results for BC-A an

ave been presented in Kumar et al. [19]. Here, we include them along with the resul

and BC-C for completeness. From Fig. 6, we observe that the static radial pressu

analytically are in very good agreement with FEA results obtained using ABAQU

ive behavior of the variation of critical pressure with wavenumbers (circumferenti

s axial) is the same for all BCs.

that, we use a single-mode Galerkin projection to discretize the PDEs. We also chec
lts using more terms for Galerkin projection and found that the critical pressure does
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four BCs, viz., BC-A, BC-B, BC-C and BC-D. Analytical results are compare

A results using ABAQUS. Other parameters are h = 0.01 m, R = 2 m, L = 10 m

1011 N/m2, and ν = 0.3.

ge much with inclusion of more terms (details are presented in Appendix A.1). W

the convergence study for linear vibration using the various number of terms of th

de (presented in Appendix A.2) to justify a single term taken for Galerkin’s projectio

tability Analysis under Periodic Radial Loading

section, we present the stability analysis of the cylindrical shells subjected to tim

radial pressure (P = F0+F1 cosωt) through stability charts in the planes of F1−ω an

respectively. The geometric and material parameters taken for numerical simulation

0.01 m, R = 2 m, L = 2 m, E = 2× 1011 N/m2, ρm = 7680 kg/m3, and ν = 0.3 [20

kled shapes corresponding to the lowest critical radial pressure using the mentione

ic and material parameters are shown in Fig. 7.

ODEs (25) have time-varying (periodic) coefficients and resemble a higher-dimension
-Hill equation [22]. We use Floquet theory to study such system of ODEs and calculate
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10)

(b) BC-B (m=1, n=8) (c) BC-C (m=1, n=8) (d) BC-D (m=1, n=7)

: The buckling mode shape corresponding to the lowest critical pressure of cylindric

r four different boundary conditions obtained using ABAQUS.

multipliers to ascertain the stability of the system [22] (discussed in next section)

ent stability charts in the plane of the parameters, viz., the amplitude F1 and th

y ω of forcing, and the static part F0 of the forcing to understand the instabilit

r of the cylindrical shells subjected to time varying periodic radial loading. We obta

charts for four different boundary conditions mentioned above. We use the same s

etric and material parameters for all BCs for the stability analysis.

Calculation of Floquet multipliers

ection, we outline the procedures in brief to calculate the Floquet multipliers [22] t

e instability of the system of ODEs in Eq. (25). We reconsider the system secon

DEs (given in Eq. (25))



Ümn(t)

V̈mn(t)

Ẅmn(t)


 = [A(t)]




Umn(t)

Vmn(t)

Wmn(t)


 , (26

(t)] is a 3×3 matrix and expressions of its elements are already given in the previou

, we convert the system of second order ODEs to first order ODEs as

Ẋ = [K]X , (27

is a 6 × 1 vector and given as X = [X1, X2, X3, X4, X5, X6]
T and Xi are define

xt of Eq. (26) as,
Umn(t), X2(t) = U̇mn(t), X3(t) = Vmn(t), X4(t) = V̇mn(t), X5(t) = Wmn(t), X6(t) = Ẇmn(t) .
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fficient matrix [K] is a 6× 6 matrix and its elements are,

[K] =




0 1 0 0 0 0

A11 0 A12 0 A13 0

0 0 0 1 0 0

A21 0 A22 0 A23 0

0 0 0 0 0 1

A31 0 A32 0 A33 0




, (28

ij = A(i, j) are elements of the matrix A and the expressions of A(i, j) are given

ix B.

ssume six sets of initial conditions (ICs) as

X1(0) = [1, 0, 0, 0, 0, 0]T X4(0) = [0, 0, 0, 1, 0, 0]T

X2(0) = [0, 1, 0, 0, 0, 0]T X5(0) = [0, 0, 0, 0, 1, 0]T

X3(0) = [0, 0, 1, 0, 0, 0]T X6(0) = [0, 0, 0, 0, 0, 1]T

e Eq. (27) for each set of ICs and obtain X1(T ), X2(T ), X3(T ), X4(t), X5(T ), an

those are solutions evaluated at the minimum time period T =
2π

ω
. These colum

constitute a 6× 6 matrix, which is called Floquet matrix B and given as

B = [X1(T ), X2(T ), X3(T ), X4(t), X5(T ), X6(T )] . (29

envalues of the Floquet matrix B are Floquet multipliers which predict the stabilit

ystem of ODEs in Eq. (26). The system is stable when all Floquet multipliers a

unity in magnitude and unstable if one or more Floquet multipliers are greater tha

magnitude. We solve Eq. (27) numerically using MATLAB solver ode45 to obta

multipliers.

Stability charts for simply supported boundary condition (BC-A)

-A, we find the mode corresponding to (m,n) = (1, 10) is the first buckling mod

r, the wavenumber corresponding to the lowest natural frequency is given by (m,n)

0]. Thus to get a complete picture of the instability of cylindrical shells, we presen

ility charts for four different circumferential wavenumbers (n = 8, 9, 10, 11). He
le and unstable regions are represented by blue and red colors, respectively.

20



Journal Pre-proof

Figu d

circumfe ts

with zer t

the stab e

lowest c s

are qual e

unstable al

frequenc is

inward, e.

This shi d

pressure r.

The freq es

with an ft

and righ n

F0 is pr t

the prin 8

rad/sec es

emerge a.

Therefo m

ω =
2ω

k
r-

cumfere e

stability

For d

hence, c e-

spondin ].

Accordi al

wavenum e,

we comb r-

ent valu rt

marks t rs

n = 8, 9
Jo
ur

na
l P

re
-p

ro
of

res 8a-8h show the stability charts in plane F1 − ω with different values of F0 an

rential wavenumber. In the left column of Fig. 8, all the panels show stability char

o static part of the radial pressure (i.e., F0 = 0), and the right columns represen

ility charts with a static radial pressure F0 = 1.75 × 105 N/m2, which is half of th

ritical pressure. The stability charts for finite cylinders with simply supported end

itatively similar to that for infinitely long circular cylindrical shells. We identify larg

regions occur around the forcing frequency which is equal to the twice of the natur

y corresponding to each circumferential wavenumber. When static radial pressure

the unstable regions shift towards the left, that is towards the lower frequency rang

ft is consistent with observations made by Kumar et al. [20], where a radially inwar

reduces the natural frequency corresponding to each circumferential wavenumbe

uency bandwidth for the unstable regime for a fixed forcing amplitude F1 increas

increase in F0, manifested by the widening of the stability regimes between the le

t columns. Furthermore, the stability boundaries are curved in higher F1 range whe

esent (the stability boundaries appear straight when F0 = 0). Figure 8a shows tha

cipal parametric resonance occurs at the forcing frequency ω = 2ω8 = 876 (ω8 = 43

is the natural frequency corresponding to n = 8 and m = 1). The instability tongu

at forcing frequencies ω = 876, 438, 292, 219, 175.2 and so on as shown in Fig. 8

re, the parametric resonance occurs when the forcing frequency ω assumes the for

n
, where ωn is the fundamental frequency of the cylinder corresponding to the ci

ntial wavenumber n and k is a positive integer. We observe the similar trends in th

charts for other circumferential and axial wavenumbers in the plane F1 − ω.

finite cylindrical shells, the first few natural frequencies are close to each other an

an be assumed to belong to a cluster. Also, the circumferential wavenumbers corr

g to the lowest natural frequency and lowest critical radial pressures are different [20

ngly, to get a better idea of the stable and the unstable regions near circumferenti

bers corresponding to the lowest natural frequency and lowest critical radial pressur

ine the stability charts given in Figs. 8a-8h into a single stability chart for two diffe

es of F0 (= 0 and 1.75×105 N/m2) as shown in Figs. 9a and 9b. The combined cha

he stable and the unstable regions for four consecutive circumferential wavenumbe
, 10, 11, and include those corresponding to the lowest natural frequency (n = 8)
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(h) F0 = 1.75× 105N/m2, n = 11

: Stability charts for the circular cylindrical shell with simply supported ends (BC-A

ane F1−ω at F0 = 0 N/m2 and F0 = 1.75×105 N/m2 for circumferential wavenumbe
, 10, 11 and axial half wavenumber m = 1.
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lowest critical radial pressure (n = 10). The combined stability charts (Figs. 9a an

ibit a much finer structure for stable and unstable regimes. From Figs. 9a and 9

lude that there are few large frequency bandwidths corresponding to the parametr

ty of a shell for higher F1 whereas, for smaller F1, there are several smaller frequenc

ths in which the axisymmetric solution becomes unstable.
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(a) F0 = 0 N/m2, n = 8, 9, 10, 11
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(b) F0 = 1.75× 105 N/m2, n = 8, 9, 10, 11

: Combined stability charts for the circular cylindrical shell with simply supporte

C-A) in the plane F1−ω at F0 = 0 N/m2 and F0 = 1.75×105 N/m2 for circumferenti

bers n = 8, 9, 10, 11 and axial half wavenumber m = 1.

erify the stability charts, we present the time history of the radial deflection fo

forcing amplitude and excitation frequencies in stability corresponding to n = 8 an

(corresponding to Fig. 8a) and 1.75× 105 N/m2 (corresponding to Fig. 8b) as show
10 and 11, respectively .

23



Journal Pre-proof

5.995

-1

0

1

2.4

-1

0

1

F

F1 = 2×

24.

-1

0

1

0

-500

0

500

F

F1 = 2×

Figu =

1, n = 8 2

and var
Jo
ur

na
l P

re
-p

ro
of5.996 5.997 5.998 5.999 6

(a) ω = 250

0 0.1 0.2 0.3 0.4 0.5

-1

0

1
10

4

(b) ω = 425

95 2.496 2.497 2.498 2.499 2.5

(c) ω = 600

0 0.1 0.2 0.3 0.4 0.5

-10

-5

0

5

10
10

(d) ω = 800

igure 10: Time response of the system for different forcing frequency ω and for

105 N/m2, F0 = 0 and n=8.
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igure 11: Time response of the system for different forcing frequency ω and for

105 N/m2, F0 = 1.75×105 N/m2.

re 10 presents time history of the present model corresponding to wavenumbers m

(in contrast to Fig. 8a). We choose a fixed value of F0 = 0 and F1 = 2× 105 N/m
y the excitation frequency ω = 250, 425, 600, 800 rad/sec and plot time histories
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n in Figs. 10a-10d. The behavior of these time histories are consistent (in terms

and unbounded response) with the stability chart presented in Fig. 8a for n =

y, we choose different set of F0 and F1 (F0 = 1.75 × 105 N/m2 and F1 = 2 × 10

and present time history for the same set of the excitation frequencies as shown

a-11d. Again we find the time history presented in Fig. 11 are consistent with th

chart presented in Fig. 8b.

re 12a-12d show stability charts in the plane F0−F1 at a fixed value of forcing frequenc

0 rad/sec) for four consecutive circumferential wavenumbers, viz., n = 8, 9, 10, 1

igs. 12a-12d, we can easily find the radial pressure corresponding to static bucklin

various circumferential wavenumbers n = 8, 9, 10, 11. In each of these figures, th

regions to the extreme right starting from the point F0 = pcr and F1 = 0 correspond

ase of static buckling under radial pressure. These regimes are clearly visible in th

n = 9, 10 and 11 while it is barely evident in the case of n = 8. It is also clea

gs. 12a-12d that the static critical radial pressure is minimum for the circumferenti

ber n = 10. We present the time series of various forcing parameters correspondin

ig. 12a in Figs. 13a-13d to justify stable and unstable regions.
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(d) ω = 440 (rad/sec), n = 11

2: Stability charts for the circular cylindrical shell with simply supported ends (BC-A

lane F0 − F1 for ω = 440 rad/sec, n = 8, 9, 10, 11 and m = 1.
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n, to get a better idea of the stable and unstable regions for circumferential wavenum

responding to the lowest natural frequency and lowest critical radial pressure in F0−F
e combine stability chart for four consecutive circumferential wavenumbers (as show

12a-12d) in Fig. 14. It can be observed from the combined stability chart, shown

that many instability tongues have appeared before the onset of static buckling. W

a significant effect on the effective minimum static buckling pressure, that is, a d

the effective minimum static buckling load to around 2.5× 105 N/m2 from 3.5× 10

r the critical circumferential wavenumber of n = 10. Another interesting observatio

is combined stability chart is that because of the overlapping instability tongues, th

m F1 value required to initiate parametric instability decreases even if the value

ic component of loading F0 is small. There is an instability region starting from ver

values for F0 = 0 which actually corresponds to the circumferential wavenumber

hich neither corresponds to the lowest natural frequency nor the static buckling loa

he circumferential wavenumber of n = 9 becomes the first critical wavenumber fo

ynamic loading. Thus we can conclude that the circumferential wavenumber corr

g to the first point of instability can be different from the circumferential wavenumb

nding to the lowest critical pressure or lowest natural frequency.
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4: Combined stability charts for the circular cylindrical shell with simply supporte

C-A) in the plane F0 − F1 at ω = 440 rad/sec for n = 8, 9, 10, 11 and m = 1.
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Stability charts for BC-A using Yao’s model [9]

section, we present stability charts of the cylindrical shell with simply supporte

y condition using Yao’s model [9] and compare with the present model. Toward

t we present the variation of the natural frequencies and associated mode shapes wit

atic pressure and compare with FEA results (using ABAQUS) and results presente

ar et al [20].
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5: Variation of the natural frequencies and associated mode shape with radial pressur

obtained using present model [20] and using Yao’s model [9]. Black solid lines (−) fo

model, blue dotted lines (· · ·) for Yao’s model [9] and red asterisk (*) for FEA result

re 15 shows the variation of the natural frequencies and associated mode shape wit

dial pressure which are obtained using present model and Yao’s model [9], respectivel

show the present model is in very good agreement with FEA results (using ABAQUS

as already been shown by the first author in his previous work (Kumar et al [20]

ig. 15, it is clear that Yao’s model (with zero static radial pressure) is also in ver

reement with FEA results but as we increase the static radial pressure, we observ

ment with FEA as well as with present model. Specially, when static radial pressu

to the critical radial pressure the lowest natural frequency obtained using FEA an

model becomes zero but Yao’s model [9] gives 38 rad/sec. This disagreement occu

lecting pre-stress radial deflection and assuming constant hoop stress (i.e., independen
al coordinates). Thus we conclude that the present model is more reliable for the
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6: Stability charts obtained using Yao’s model [9] in the plane F1−ω and F0 = 0 N/m
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(b) Present model (n = 8, m = 1)

7: Stability charts obtained using Yao’s model [9] in the plane F1 − ω and F0

05 N/m2.

, we present stability charts for simply-supported cylindrical shells subjected to p

dial pressure (P = F0 + F1 cosωt). Figures 16a and 16b present stability charts

e of F1 − ω at F0 = 0 obtained using Yao’s model [9] and the present model. He

rve that Yao’s model fails to predict the instability tongue near principle parametr

ce i.e., when the excitation frequency becomes equal to twice of the natural frequenc

stem, which is clearly visible in Figs. 16. Yao’s model predicts all instability tongu

except near the excitation frequency equal to twice of the natural frequency a

system wider instability region near ω = 2ωn. Similar behavior has been observe whe
5× 105 N/m2 as shown in Fig. 17.
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(b) Present model (n = 8, m = 1)

8: Stability charts obtained using Yao’s model [9] in the plane F1 − F0 and ω

sec.

res 18a and 18b, present stability charts in the plane F0 − F1 and ω = 440 rad/se

e observe Yao’s model [9] predict instability tongue at F0 = 0, which is near primar

ce (i.e. omega = ωn). As we increase the static component (F0), the natural frequenc

ed with n = 8 decreases and the current excitation frequency ω = 440 rad/sec reache

ice of the natural frequency again unstable region initiate which is clearly shown

, but Yao’s model [9] fails to predict such instability region. Through the stabilit

resented in this section, we conclude that the assumptions made by Yao [9] is no

t to predict all instability tongues and present model shows consistent behaviors.

Stability charts for BC-B, BC-C and BC-D boundary conditions

ection, we present stability analysis of the cylindrical shells with boundary condition

C-C and BC-D, respectively. For BC-B, the circumferential wavenumbers correspond

he lowest fundamental frequency (ω = 259.21) and the lowest critical radial pressu

2.03548 × 105 N/m2) are n = 7 and n = 8, respectively. The natural frequenci

nding to the circumference wavenumbers n = 6, 7, 8, 9 are closely spaced for bot

.g, F0 = 0 and F0 = 105, N/m2) (see Kumar et al [20]). The combined stability char

6, 7, 8, 9 for F0 = 0 and F0 = 105 N/m2, depicting the complete dynamic behavio

en shown in Figs. 19a and 19b.
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(a) F0 = 0 N/m2, n = 6, 7, 8, 9
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(b) F0 = 105 N/m2, n = 6, 7, 8, 9

9: Combined stability charts for the circular cylindrical shell with pinned-free end

ial constraint at the pinned end (BC-B) in the plane F1 − ω at F0 = 0 N/m2 an

05 N/m2 for different circumferential wavenumbers n = 6, 7, 8, 9 and axial ha

ber m = 1.

res 20a and 20b show the combined stability charts for BC-C for four consecutiv

rential wavenumber n = 6, 7, 8, 9 in the plane of F1 − ω at two fixed values of th

mponent of the forcing, i.e., F0 = 0 and F0 = 105 N/m2 (which is half of the lowe

adial pressure of BC-C). The group of these four circumferential wavenumbers includ

umferential wavenumbers corresponding to the lowest natural frequency (n = 7) an

st critical pressure (n = 8).
31



Journal Pre-proof

Figure 2 s

(BC-C) al

wavenum

The y

conditio e

lowest c er

is n = 8
 Jo
ur

na
l P

re
-p

ro
of

100 200 300 400 500 600 700 800

ω (rad/sec)

0

0.5

1

1.5

2

2.5

3

F
1
(N

/
m

2
)

×10
5

(a) F0 = 0 N/m2, n = 6, 7, 8, 9
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(b) F0 = 105 N/m2, n = 6, 7, 8, 9

0: Combined stability charts for the circular cylindrical shell with fixed-free end

in the plane F1 − ω at F0 = 0 N/m2 and F0 = 105 N/m2 for different circumferenti

bers n = 6, 7, 8, 9 and axial half wavenumber m = 1.

lowest natural frequency of the cylindrical shell with fixed free (BC-C) boundar

n is ω = 259 rad/sec and corresponding circumferential wavenumber is n = 7 and th

ritical radial pressure is 2.03× 105 N/m2 and associated circumferential wavenumb

. The natural frequency corresponding to n = 8 is ω = 286.6 rad/sec.
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(a) F0 = 0 N/m2, n = 6, 7, 8, 9
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(b) F0 = 105 N/m2, n = 6, 7, 8, 9

1: Combined stability charts for the circular cylindrical shell with pinned-free wit

nstraint at the free end (BC-D) in the plane F1 − ω at F0 = 0 N/m2 and F0

05 N/m2 for different circumferential wavenumbers n = 6, 7, 8, 9 and axial ha

ber m = 1.

res 21a and 21b show the combined stability charts for BC-D in the plane F1 − ω fo

secutive circumferential wavenumbers n = 6, 7, 8, 9 which includes circumferenti

bers corresponding to the lowest natural frequency (n = 6) and the lowest critic

ressure (n = 7) for BC-D. We present, the stability charts in the plane F1 − ω fo

erent values of the static component of the excitation forcing, e.g., F0 = 0 and F0

05 N/m2 (which is the half of the lowest critical pressure of BC-D). We observe fro
, the stability of the cylindrical shells is very sensitive to the excitation when the
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n frequency lies between ω = 400 to 700 rad/sec. These frequency ranges becom

we increase the static component of the forcing (F0) , e.g., we find a wider sensitiv

y range for F0 = 0.75× 105 N/m2 (as shown in Fig. 21b) as compared to when the

static components (F0 = 0) as shown in Fig. 21a. The stability charts in the plane

with fixed values of excitation frequencies (lowest natural frequency for the respectiv

ve also been presented (see Appendix B) to understand the dynamic behavior in F0−F
o. Through the stability charts in plane F0 − F1, we can easily find the condition

ckling (F1 = 0 and F0 = Pcr) for each circumferential wavenumber for the respectiv

., for BC-B and C (n = 8, F0 = 2 × 105) and BC-D (n = 7, F0 = 1.5 × 105). Alon

bined stability charts in the plane F0−F1 (see Appendix B), we also present stabilit

the plane of ω−F1 with fixed values of F0 for individual circumferential wavenumb

ndix B. Thus we present a detail stability analysis of the cylindrical shells subjecte

varying radial pressure, which would be helpful during design of the cylindrical shel

ch loading conditions.

onclusion

aper, we discuss the parametric instability of circular cylindrical shells subjected t

ying (periodic in time) radial pressure for four different boundary conditions viz

supported, pinned-free (axial constraint at the pinned end), fixed-free, and pinned

ial constraint at the free end). First, we present the variations of static bucklin

(uniform) with wavenumbers (m and n) of thin-walled circular cylindrical shells fo

boundary conditions (as mentioned above). The results for the critical radial pressu

analytically are verified by FEA results obtained using ABAQUS and they are

ood agreement. Next, we study the dynamic instabilities of the cylindrical shel

d to the periodic radial pressure (having static and fluctuating parts). We obtain th

or the dynamic instability of the cylindrical shells through stability charts in the plan

ent forcing parameters, (namely, the static component of the pressure, the amplitud

uency of the fluctuating component of the pressure) where we show sets of the forcin

ers for which system has bounded (stable) and unbounded (unstable) responses. Fro

charts for the individual circumferential wavenumber, we observe that the excitatio
y corresponding to the initiation of each instability tongue are closely packed for all
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bers. Thus, to get a broader understanding of the instability, we present a combine

chart for each plane and BCs. Previous studies by Yao [9] and Lindberg and Floranc

e linearized the nonlinear PDEs with constant axial stress and hoop stress, which ca

proximation for L/R > 4, but for short cylinder such approximation is not advisabl

sent work linearize the nonlinear dynamic equation along axial, circumferential an

irections with steady state displacement’s components which is more consistent an

ion for any range of L/R.

lso observe a trend for the initiation of the instability tongues with forcing frequenc

tability chart in the plane F0 − ω. We find, the response of the system becom

ed when the forcing frequency satisfies a unique relation with natural frequency, i.e

mn

k
. It has been observed that the wider unstable regions are found when forcin

y reaches twice the natural frequency of the cylindrical shells, i.e., for k = 1 and th

ty tongues become narrow as we move towards the lower excitation frequency, i.

r values of k. Such observations are consistent with the observation from the simp

-Hill equation. Unstable regions are shifted towards lower forcing frequency rang

crease the values of the static component (F0), which is also consistent with resul

y Kumar et al. [20]. It has been also observed that the incorporation of a stat

reases the frequency bandwidth corresponding to the parametric instability for a fixe

de of the variable load. We observe same qualitative behavior for all BCs analyze

resent work. Thus, these stability charts and the observations from them will be ver

the design of circular cylindrical shell components depending on the information o

amic loading situations.
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ndix A: Convergence study with numbers of mod

to discretize linear PDEs.

tatic buckling pressure

onstrate the convergence with number of axial modes given below in Eq. (30),

ũ =
M∑

m=1

Umn(t) cos(
βm
L
x) cos(nθ) , (30a

ṽ =
M∑

m=1

Vmn(t) sin(
βm
L
x) sin(nθ) , (30b

w̃ =
M∑

m=1

Wmn(t) sin(
βm
L
x) cos(nθ) , (30

denotes number of axial modes taken during Galerkin projection. We tabulate th

pressure for four consecutive circumferential wavenumbers (those are correspondin

our lowest critical pressure of the respective BCs) and axial half wavenumber m =

s 1 through 3. These results are obtained using different number of axial mod

ring Galerkin projection (i.e., different values of M in Eq. (30)). We do not find an

ns in the numerical values of the critical radial pressure with respect to the number

des chosen during Galerkin projection as shown in Tables 1 through 3. The presen

ence analysis allows us to use single term of the axial mode during the Galerk

on for onward analysis in the present paper without affecting the results (qualitative

ntitatively, both).

Convergence analysis for the critical pressure with respect to number of axial mod

r Galerkin projection (for BC-A). Here E = 2×1011 N/m2, ρm = 7680 Kg/m3, ν = 0.

, R = 2 m, and h = 0.01 m.

Number of axial modes (M) Pcr (N/m2), n=7 Pcr (N/m2), n=8 Pcr (N/m2), n=9 Pcr (N/m2), n=10

1 7.37933×105 4.72646×105 3.76166×105 3.53643×105

2 7.37933×105 4.72646×105 3.76166×105 3.53643×105

3 7.37933×105 4.72646×105 3.76166×105 3.53643×105

4 7.37933×105 4.72646×105 3.76166×105 3.53643×105

5 7.37933×105 4.72646×105 3.76166×105 3.53643×105
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Convergence analysis for the critical pressure with respect to number of axial mod

r Galerkin projection (for BC-B). Here E = 2×1011 N/m2, ρm = 7680 Kg/m3, ν = 0.

, R = 2 m, and h = 0.01 m.

Number of axial modes (M) Pcr (N/m2), n=6 Pcr (N/m2), n=7 Pcr (N/m2), n=8 Pcr (N/m2), n=9

1 3.22694×105 2.19616×105 2.03548×105 2.20987×105

2 3.22762×105 2,19664×105 2.03573×105 2.21070×105

3 3.22728×105 2.19633×105 2.03561×105 2.20991×105

4 3.22750×105 2.19642×105 2.03566×105 2.21003×105

5 3.22750×105 2.19642×105 2.03566×105 2.21003×105

Convergence analysis for the critical pressure with respect to number of axial mod

r Galerkin projection (for BC-D). Here E = 2×1011 N/m2, ρm = 7680 Kg/m3, ν = 0.

, R = 2 m, and h = 0.01 m.

Number of axial modes (M) Pcr (N/m2), n=5 Pcr (N/m2), n=6 Pcr (N/m2), n=7 Pcr (N/m2), n=8

1 3.77025×105 2.07719×105 1.69061×105 1.77394×105

2 3.55934×105 1.86539×105 1.51709×105 1.59694×105

3 3.55934×105 1.86539×105 1.51709×105 1.59694×105

4 3.55934×105 1.86539×105 1.51709×105 1.59694×105

5 3.55934×105 1.86539×105 1.51709×105 1.59694×105

atural frequency

section, we compute the natural frequencies after taking different number of axi

uring Galerkin projection. Figures 22 through 24 show the convergence analyses

frequencies for BC-A, BC-B, BC-C and BC-D with respect to number of axial mode

so been noticed in Figs. 22 through 24, the variation in the numerical values of natur

ies obtained by considering a different number of modes for axial displacement M

r of 10−5. Thus we use single term of the axial mode (i.e., M = 1) at a time durin

projection to avoid tedious calculations and reduce the computational time.
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2: Convergence of natural frequencies with respect to number of axial modes take

alerkin projection for BC-A. Here E = 2 × 1011 N/m2, ρm = 7680 kg/m3, ν = 0.

, R = 2 m, and h = 0.01 m.
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3: Convergence of natural frequencies with respect to number of axial modes take

alerkin projectio (BC-B and BC-C). Here E = 2 × 1011 N/m2, ρm = 7680 kg/m

L = 2 m, R = 2 m, and h = 0.01 m.
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4: Convergence of natural frequencies with respect to number of axial modes chose

alerkin projection (BC-D). Here E = 2 × 1011 N/m2, ρm = 7680 kg/m3, ν = 0.
, R = 2 m, and h = 0.01 m.
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(b) F0 = 105 N/m2, n = 6
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(c) F0 = 0 N/m2, n = 7
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(d) F0 = 105 N/m2, n = 7
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(f) F0 = 105 N/m2, n = 8
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(g) F0 = 0 N/m2, n = 9
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(h) F0 = 105 N/m2, n = 9

5: Stability charts for the circular cylindrical shell with pinned-free ends with axi

nt at the pinned end (BC-B) in the plane F1−ω at F0 = 0 N/m2 and F0 = 105 N/m
circumferential wavenumbers n = 6, 7, 8, 9 and axial half wavenumber m = 1.
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(d) n = 9

6: Stability charts for the circular cylindrical shell with pinned-free ends with axi

nt at the pinned end (BC-B) in the plane F0 − F1 at ω = 259 (rad/sec) for differen

rential wavenumbers n = 6, 7, 8, 9 and axial half wavenumber m = 1.
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7: Combined stability charts for the pinned-free circular cylindrical shell with axi

nt at the pinned end (BC-B) in the plane F0−F1 at ω = 259 rad/sec for n = 6, 7, 8,

1.
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(b) F0 = 105 N/m2, n = 6
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(c) F0 = 0 N/m2, n = 7
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(d) F0 = 105 N/m2, n = 7
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(e) F0 = 0 N/m2, n = 8
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(f) F0 = 105 N/m2, n = 8
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(g) F0 = 0 N/m2, n = 9
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(h) F0 = 105 N/m2, n = 9

8: Stability charts for the circular cylindrical shell with fixed-free end conditions (BC

e plane F1 − ω at F0 = 0 N/m2 (left column) and F0 = 105 N/m2 (right column) fo

, 8, 9 and m = 1.
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(d) n = 9

9: Stability charts for the circular cylindrical shell with fixed-free boundary condition

in the plane F0 − F1 at ω = 259 (rad/sec) for different circumferential wavenumbe

, 8, 9 and axial half wavenumber m = 1.
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0: Combined stability chart for the circular cylindrical shell with fixed-free (BC-C

y conditions (BC-C) in the plane F0 − F1 at ω = 259 rad/sec for n = 6, 7, 8, 9 an
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(b) F0 = 105 N/m2, n = 6
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(c) F0 = 0 N/m2, n = 7
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(d) F0 = 105 N/m2, n = 7
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(e) F0 = 0 N/m2, n = 8
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(f) F0 = 105 N/m2, n = 8
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(g) F0 = 0 N/m2, n = 9
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(h) F0 = 105 N/m2, n = 9

1: Combined stability charts for the pinned-free circular cylindrical shell with axi

nt at the free end (BC-D) in the planes F1 − ω at F0 = 0 N/m2 (left column) an

5 × 105 N/m2 (right column) for four consecutive circumferential wavenumbers n

, 11.
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(b) n = 7

-1 0 1 2 3

10
5

0

0.5

1

1.5

2

2.5

3
10

5

(c) n = 8

-1 0 1 2 3

10
5

0

0.5

1

1.5

2

2.5

3
10

5

(d) n = 9

2: Combined stability charts for the pinned-free circular cylindrical shell with axi

nt at the free end (BC-D) in the plane F0−F1 at a fixed value of excitation frequenc

(rad/sec) for four consecutive circumferential wavenumbers n = 6, 7, 8, 9.
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3: Combined stability chart for the pinned-free circular cylindrical shell with axi

nt at the free end (BC-D) in the plane F0 − F1 at ω = 215 rad/sec for n = 6, 7, 8,

1.
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